This paper suggests formulas able to capture potential strong connection among credit losses in downturns without assuming any specific distribution for the variables involved. We first show that the current model adopted by regulators (Basel) is equivalent to a conditional distribution derived from the Gaussian Copula (which does not identify tail dependence). We then use conditional distributions derived from copulas that express tail dependence (stronger dependence across higher losses) to estimate the probability of credit losses in extreme scenarios (crises).
I. INTRODUCTION
The model (Basel Accord) adopted by regulators in many countries to calculate the capital to cover unexpected credit losses in financial institutions assumes normally-distributed variables and uses the linear correlation to measure dependence a mong losses. However, these assumptions do not allow the identification of possible asymmetric dependence across losses in extreme scenarios (which seems to be the case for several financial assets, loans included) and, therefore, the Basel method may misestimate joint credit losses in periods of crisis.
Albeit the formula currently used in Basel Accords has a derivation not associated to copula functions, we show that it turns out to be equivalent to the first derivative of the Gaussian Copula (which denotes symmetric association without tail dependence). Moreover, the distribution of one variable conditional on another variable can be calculated as the first derivative of the copula that represents the dependence between the considered variables with respect to the conditioning variable. In other words, the Basel formula can be interpreted as the cumulative distribution of a latent variable (asset returns of obligors, for instance) conditional on the economic status. Based on this interpretation of the Basel model, we propose the use of copulas that capture stronger dependence among high losses (stronger dependence among low values of debtors' asset returns) to generate alternative conditional distributions. So, we keep the basic intuition of the traditional approach but change the dependence structure so that we can, for example, identify higher probability of default in adverse scenarios. The alternative model is basically set as the first derivative of the copula chosen to represent the relationship between the latent variable and the economic factor with respect to the latter variable. At this point, we face a challenge pertaining to the copula parameter that measures the dependence intensity. For some copulas, this parameter 3 can be directly deduced from the rank correlation (Kendall's tau) between the variables. Thus we need to find the rank correlation between the latent variable of each loan and the economic factor but we cannot calculate it since we do not have enough information about the second variable. To overcome this problem, we show that the rank correlation between the latent variable of each debtor and the economic factor is related to the rank correlation between two latent variables (e.g. asset returns of two obligors) which can be presumed from past losses (default rates). Once we have an estimate for the former rank correlation, we will have all necessary information to calculate the conditional probability by means of the first derivative of a copula with a given confidence (unfavorable economic level).
As examples, we present two formulas originated from the Clayton and the Student t Copulas that are able to detect stronger connection (tail dependence) among low values of latent variables (which is equivalent to identify higher dependence among high credit losses). These formulas do not assume any kind of distribution for the variables considered and therefore such approach overcomes the limitations of the existing method with regard to the assumption of normality and the use of the linear correlation.
We use aggregate data on losses in American banks to check the performance of the suggested approach and our analyses show that, for two of the three credit segments considered, the copula formulas typically outperform the Basel formula regarding the estimation of unusually high losses.
In short, our contributions are threefold: (i) we present an alternative derivation of the Basel formula and show that it corresponds to the first derivative of the Gaussian Copula; (ii) we set up a model able to capture stronger dependence among credit losses in unfavorable scenarios which results in more efficient estimations of potential extreme losses; and (iii) we propose a way to 4 derive the dependence between a latent variable of each loan and an economic factor from the dependence observed across loans' default rates.
II. COPULAS AND CONDITIONAL DISTRIBUTIONS
Copulas are multivariate distribution functions with uniformly distributed margins in ( According to Joe (1996) 1 , the cumulative distribution of a random variable conditional on other variables is given by the first derivative of the copula that represents the dependence among the variables with respect to the conditioning variables (those placed after the symbol "|"):
where F(x|v) is the distribution of X evaluated at x conditional on vector v,
is a copula distribution function, v j is a component of vector v and v -j is the vector v excluding this component. When v is univariate, the conditional distribution becomes:
where x and v indicate the conditioned and the conditioning variables respectively and the remaining notation is the same used in the prior formula.
The first derivative of some bivariate copulas can be found, for example, in Joe (1997, Chapter 5), Aas et al. (2009, Appendix C) and Bouyé and Salmon (2009) 
where  and 1   represent the standard normal distribution and its inverse respectively, F (.|.) is the distribution of X 1 conditional on X 2 , F(.) is an unconditional distribution and 12  is the Gaussian Copula parameter 2 that indicates the strength of the dependence between X 1 and X 2 .
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where F(.|.) is the distribution of X 1 conditional on X 2 , F(.) is an unconditional distribution and
12
 is the Clayton Copula parameter between X 1 and X 2 . 
III. BASEL METHOD: A DERIVATION FROM THE GAUSSIAN COPULA

III.1 The calculation of extreme credit losses
For each homogeneous credit segment, the capital required to cover une xpected losses is calculated as the unexpected losses adjusted by the portfolio maturity.
In mathematical terms:
LGD is the "loss given default" (which is equal to 1 -recovery rate, i.e. the percentage of exposure the lender will lose if borrowers default) and PD stands for the probability of default.
Maturity corresponds to the maturity of corporate loans (i.e., not applied to consumer debt) and is added to the calculation in order to give higher weight to long-term obligations which are known to be riskier. For the sake of brevity, the maturity formula is not presented here. See BCBS (2005 BCBS ( , 2006 for more details.
The other term in [5] , V K , is the expected default rate at the 99.9% percentile of the PD distribution ("Vasicek Formula") -see Vasicek (1991 Vasicek ( , 2002 -and is calculated as: 
III.2 Derivation of K V from the Gaussian Copula
Expression [6] is typically derived from Factor Models which assume that the correlation among defaults is driven by the debtors' latent variables. See, e.g., Crouhy et al. (2000) and Bluhm et al. (2002) for general information about Credit Factor Models and Schönbucher (2000) and Perli and Nayda (2004) for the derivation of [6] from Factor Models.
Naturally, there are many common factors that act together and influence debtors' situation.
However this model can be simplified if we consider that all latent variables (usually interpreted as asset returns of borrowers) are driven by only one common factor (the "economic status").
For simplicity, all pairs of asset returns (i and j) are considered to present the same correlation ( ij   will be equal to the linear correlation between the variables (denoted here as 12  ) which cannot be estimated given that there is no sufficient information on the economic factor. Assume we can assess the linear correlation between the latent variables (based on the observed default rates). Under the conditions specified (i.e. the latent variables and the economic factor follow the standard normal distribution) and according to [7] , 12  can be associated to the linear correlation  between the latent variables (or the probabilities of default) so that    , we see that the first derivative of the Gaussian Copula, [1], corresponds to the formula (restated below) used in Basel to calculate the probability of default conditional on an extremely unfavorable economic situation:
IV. EMPLOYING ALTERNATIVE CONDITIONAL DISTRIBUTIONS TO CAPTURE TAIL DEPENDENCE
IV.1 Some prior suggestions
As indicated in some empirical studies (for instance, Di Clemente and Romano 2004 and Das and Geng 2006) , high credit losses tend to be more associated than low levels of losses. Some models have been proposed to transform [6] into other expressio ns that do not have the limitation regarding the assumption of normality and can capture skewness and heavy tails (which tends to increase the joint occurrences of extreme realizations of the latent variables). Hull and White (2004) , for instance, relax the distributions 5 of the latent variable Y, the economic factor E and the idiosyncratic (specific) risk. Letting F, G and H denote the distributions of those three variables respectively, the probability of default conditional on an unfavorable economic status (the worst 0.1% scenario, i.e. with confidence of 99.9%) turns out to be:
where y c is the value of the latent variable Y below which default happens, e* indicates an extreme adverse economic scenario and can be calculated as the inverse distribution of E evaluated at 0.001 (since the critical level was set at 0.1%). PD is the historical (average) probability of default and  is the linear correlation between returns of obligors' assets. Naturally, the expression above can be solved only if the shapes of the three distributions F, G and H are known.
A number of studies, such as Bluhm et al. (2002) , Kostadinov (2005) and Kang (2005) , have suggested the Student t distribution to represent the economic and the idiosyncratic risks (functions G and H above). In this case, it is not possible to define the distribution F of the latent variable and the probability of default in downturns (at the 0.1% worst scenario) is:
where T v is the Student t distribution with v degrees of freedom. Given that the latent variable's distribution F remains unknown, the preceding likelihood cannot be calculated. Chan-Lau (2010) reasons that this approach can be used to capture asymmetry and fat tails in the calculation of regulatory capital in financial institutions.
In view of the impossibility of the estimation of the probability of default in adverse economic scenarios when one or more of the variables in [6] are not normally distributed, we propose a different setup to incorporate Copula Theory into this analysis and to capture potential tail dependence even if we do not know any of the distributions concerning the latent variable and the economic factor (which is the reality in financial institutions).
IV.2 Some alternatives to detect higher dependence across losses in downturns
Recalling that credit losses imply the existence of small values of the latent variables, we can interpret the stronger connection among losses in downturns as an effect of the inte nsification of the dependence across small latent variables. In other words, this is evidence that small values of the latent variables tend to be more connected over adverse periods. Thus the relationship between two latent variables, Y i and Y j , can be represented by scatterplots like the ones in Figure   1 .
[Insert Figure 1 here]
The difference between Panels A and B is that the former does not indicate right-tail dependence whilst the latter does. However this difference does not impact our analyses since we are interested in the left tail (small values of the latent variables) regardless of the variables behavior in the right tail. Therefore the representation in either of those two panels is suitable for modeling strong dependencies among losses in bear markets.
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When the economic factor E is inserted in the analysis, reduced levels of this variable will present more intense association with the latent variables. Figure 
[Insert Figure 2 here]
The dependence structures depicted in Figure 1 can be represented by, for example, the Clayton Copula (Panel A) and the Student t Copula (Panel B). In these cases, the proportion of loans in the portfolio for which the latent variable, Y, will be smaller than the cut-off y c (i.e. the probability of default) when the economy falls to an extremely low level (e*) is derived from [2] and [3] respectively: . Naturally, it is expected that the probability of the latent variable of each obligor being below a particular cut-off, given a specific economic level, increases when the dependence among the defaults becomes stronger. In the particular case of the Clayton Copula, this monotonically increasing behavior of F(y c |E) with respect to is associated with the parameter of the copula that represents their dependence. For some families this association is defined in closed form (see some examples in Nelsen, 2006, Chapter 5) . We present below the association between Kendall's tau and the parameters of the two copula families used here to capture high dependence across credit losses in unfavorable scenarios (Clayton and Student t, respectively). The first one is derived from a relationship presented in Nelsen (2006, Chapter 5) 
However we do not have enough information on E to estimate YE  . When the Gaussian Copula is used, this problem is resolved by replacing the correlation between Y and E with the correlation between the latent variables of debtors (expression [7] 
IV.3 Relationship between rank correlations
Kendall's tau (  ) is based on the number of concordant and discordant pairs of variables.
are two independent pairs from a joint distribution, they will
, i.e., if the two variables move in the same direction.
They will be discordant when 0 ) )( ( [Insert Table 1 here]
As in Basel, we assume that all pairs of loans have the same dependence (here expressed by the Kendall's tau between the latent variables,  ij for loans i and j) and that the dependence between the systematic factor E and each loan ( YE ) is also the same. In a portfolio of L loans, one way to comply with the two aforementioned constraints is to assume that, in each period, the latent variables of the same number of loans move in the same direction (i.e. decreasing or increasing) -see a simple example concerning a portfolio with three loans in Panel B of Table 1 We emphasize that this is a crucial difference between the traditional method and our suggested approach: whilst the former has a single value for the relationship between Y and E (equality [7] ), the latter is based on an interval.
In principle, any value in the interval [
] could be used to estimate the parameter of the copula that expresses the dependence between the economic factor and the latent variable at the portfolio level. This is the case of the Student t Copula. However, in the particular case of the Clayton Copula, the parameter YE  is in the interval (0,∞ 
, and
Bear in mind that ij  is the observable (computable) rank correlation (Kendall's tau) across probabilities of default (default rates) and can be determined in the same way the linear correlation in [6] was defined by several credit classes in Basel Accords.
V. COMPARISON BETWEEN THE PERFORMANCE OF THE BASEL METHOD AND THE PERFORMANCE OF THE SUGGESTED APPROACH
We use aggregate data on (non-seasonally adjusted) default rates regarding all American commercial banks to compare the performance of the traditional formula [6] We assume that this aggregate data represents the default rates of "average" (typical) American banks. The evolution of the default rates is presented in Figure 3 .
[Insert Figure 3 here]
In this section, we check whether models based on copulas that express left-tail dependence predict the high losses observed in the period 2009Q1-2010Q2 better than the Basel formula does 11 . Since our data is net of recoveries, we multiply each of the formulas related to the extreme losses ([6] , [8] and [9] ) by the loss given default (LGD) which, in turn, is calibrated according to other empirical studies. As for corporate loans, the average LGD according to the values found in some prior studies 12 is 30.57%. Among these papers, only Grossman et al.
(1997) present specific results for mortgages (LGD = 42% based on the present value of the repayments and LGD = 29.8% based on the nominal value of the loans). There is no particular investigation for credit cards and, in this case, we use the average LGD (34.95%) for unsecured bank loans estimated by Carty and Lieberman (1997) and Emery (2003) . So, the LGD used in our tests are 35%, 40% and 30% for credit cards, mortgages and corporate loans, respectively.
Given that we are using aggregate data and do not have enough information to estimate the rank We initially assume we are in 2008Q4 and we therefore use the default rates up to that quarter to estimate the average (historical) probability of default (PD). Hence, the first estimate for each credit class refers to 2009Q1. Then, for each subsequent period, we update the historical PD by including the periods between 2008Q4 and the period immediately before the period analyzed.
For instance, when estimating the extreme losses in 2010Q1, we calculated the historical PD as the average of the default rate from the first period in our sample until 2009Q4.
[ 25 ]
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The results are shown in Table 2 (i.e. the overestimation from the copula method was lower than that resulted from the Basel formula). essentially the same as those displayed in Table 2 for this credit category: albeit the Basel formula did not result in insufficient capital to cover losses in the adverse scenarios considered in this study, the estimates from the copula approach with parameter inferred from the first tercile of YE  were closer to the observed losses and therefore avoided excessively unnecessary capital. We tested other levels for the rank correlation YE  but, in general, none of them outperformed the first tercile (which was the level that yielded the best results for the copula approaches in Tables   2 and 3) .
VI. CONCLUSIONS
We show that the formula used in Basel Accord to estimate unexpected credit losses corresponds to a conditional distribution derived from the Gaussian Copula. Since this copula family does not capture tail dependence, the model largely used by regulators may misestimate the capital necessary to face credit losses in downturns (when the connection across defaults tends to be more intense than in periods of normal economic activity).
Based on this finding, we propose two models that keep the basic idea of the current method (namely, the first derivative of a copula) but we use different conditional distributions able to detect possible tail dependence among losses in adverse conditions. The suggested approach is flexible and can capture several dependence shapes since it can be adapted to a number of differentiable copulas. Its implementation is as simple as the implementation of the existing model and tends to identify potential higher association between losses in downturns better than the traditional approach does.
There are typically many possible rank correlations between the economic factor and the latent We test the proposed models with data pertaining to aggregate credit losses in all American commercial banks. Our results reveal that the copula methods yielded better estimates of extreme losses for credit cards (for which the Basel formula underestimates losses and the copula approaches typically present closer estimates slightly above the observed losses) and corporate loans (for which both approaches overestimate the losses but the copula one give s results closer to the observed losses). On the other hand, in the case of mortgage portfolios, the estimates founded on the Basel formula are more precise than the estimates based on copulas.
The different performance of the Basel formula with regard to those three credit classes might be consequence of the distinct correlation coefficient specified in Basel Accords for each segment.
If this is the case, regulators should rethink the calibration of the correlation coefficients (especially concerning credit cards for which Basel formula presented the worst results in terms of underestimation). So, this could be an alternative to keep the use of the Basel formula (based on assumptions of normality) instead of adopting copula methods. The comparison between 30 these two possibilities is beyond the scope of this paper and is left as a future exercise since it demands more data to estimate the linear correlation among defaults. Another topic for further investigation is to estimate ij  from empirical data sets rather than to approximate it by means of the relationship between ρ and  in bivariate normal distributions (as we did by means of expression [25] ). Moreover, our suggestions can be extended by regulators and practitioners who have access to massive data on credit losses so that the dependence across defaults can be empirically found and the first derivative of the resultant copulas (if it exists) should be used to
give more realistic estimates of unexpected losses according to the properties of each portfolio.  indicates its inverse. 5 Provided that they are scaled with mean zero and variance one. 6 Since F E (e*) is truncated in the interval [0, 1] and small values represent adverse scenarios, 0.01 indicates the confidence level of 99%, 0.05 is associated with the confidence of 95% a nd so on.
7 Equivalent expressions can be found if we use [13] 8 In conformity with what was said before, the shortest range is associated with ij  = -1 (the smallest possible rank correlation between the latent variables) which results in a single value for YE  (= 0). Recall that YE  is the same for both loans i and j due to the assumption of homogeneous dependence.
9 That is, if we divide the continuous interval into three subintervals, this YE  will be the point between the first and the second subintervals. For example, if the range of YE  is [-0.6,0.6 ], the first tercile will be -0.2.
10 Available at http://research.stlouisfed.org/fred2/categories/23.
